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THE ASYMPTOTICALLY ADDITIVE TOPOLOGICAL PRESSURE:
VARIATIONAL PRINCIPLE FOR NON COMPACT AND INTERSECTION OF
IRREGULAR SETS
G. FERREIRA
Abstract. Let (X, d, f) be a dynamical system, where (X, d) is a compact metric space and f : X → X is
a continuous map. Using the concepts of g-almost product property and uniform separation property intro-
duced by Pfister and Sullivan in [22], we give a variational principle for certain non-compact with relation the
asymptotically additive topological pressure. We also study the set of points that are irregular for an collection
finite or infinite of asymptotically additive sequences and we show that carried the full asymptotically additive
topological pressure. These results are suitable for systems such as mixing shifts of finite type, β-shifts, repellers
and uniformly hyperbolic diffeomorphisms.
1. Introduction
In the present paper we contribute to the theory of multifractal analysis for asymptotically additive sequences
of sequentially saturated maps(see Definition 1.1), that include maps that satisfy the specification property(as
a large class of uniformly hyperbolic maps). The main result is that the irregular set of maps sequentially
saturated for a asymptotically additive potential sequence Φ = (φn)n of a topological dynamical system (X, f)
carries the full asymptotically additive topological pressure. This generalizes results of [12, 26, 28, 29] and [25].
For this purpose, we give a version of the variational principle(in the context “asymptotically additive”) for
certain non compacts as in [22, 20, 28]. The details are given below.
Let (X, d, f) be a topological dynamical system(TDS), where f : X → X is a continuous map and X is a
compact metric space. Let C0(f,X) denote the space of continuous functions on X . A sequence of continuous
functions Φ := (φn)n is called asymptotically additive for f if for each δ > 0, there exists a continuous function
ψδ such that
lim sup
n→∞
1
n
‖φn − Snψδ‖ < δ,
where ‖ · ‖ is the supremum norm and Snψδ(x) =
∑n−1
i=0 ψδ(f
i(x)). We denote by C0(f,X) the space of
asymptotically additive sequences endowed with the product topology.
LetM(X) be the space of Borel probability measures onX ,Mf (X) ⊂M(X) denote the space of f -invariant
Borel probability measures and Mef(X) ⊆Mf (X) the subset of the ergodic measures.
In [15], Feng et al defined the Lyapunov exponent of a asymptotically additive sequence Φ at x. For a
asymptotically additive sequence Φ = (φn)n on X and x ∈ X , the Lyapunov exponent of Φ at x is the
limit(whenever it exists)
λΦ(x) = lim
n→∞
φn(x)
n
. (1.1)
By Kingman’s sub-additive ergodic theorem, for any µ ∈ Mef(X),
λΦ(x) = Φ
∗(µ) for µ− a.e.x ∈ X,
where Φ∗(µ) := limn→∞
∫ φn(x)
n dµ(x), that always exists, see Proposition A.1 of [15]. The authors consider the
distribution of the Lyapunov exponents of Φ on α-level set of λΦ. More precisely, for any α ∈ R we define the
set
E(Φ, f, α) = {x ∈ X : λΦ = α}.
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They study the topological entropy hf (E(Φ, f, α)) in the sense of Bowen[10]. If we consider the multifractal
decomposition
X = R(Φ, f) ∪ I(Φ, f),
where R(Φ, f) =
⋃
α∈RE(Φ, f, α) is the Φ-regular set(x ∈ R(Φ, f) is called Φ-regular point) and I(Φ, f) :=
{x ∈ X : limn→∞
φn(x)
n does not exist} is the Φ-irregular set(x ∈ I(Φ, f) is called Φ-irregular point), an interest
question is about the entropy of the set I(Φ, f). Here, we address this question. More precisely, we studied
the set I(f) :=
⋃
Φ∈C0(X) I(Φ, f), called of irregular set. As the product Π
∞
n=1C
0(f,X) is a separable set, then
C
0(f,X) ⊂ Π∞n=1C
0(f,X) it is also a separable set, i.e., there exists a enumerable and dense set {(Φn)n;n ∈ N}
in C0(f,X) where Φn = (φ
n
k )k∈N such that, by Kingman’s Theorem, µ (
⋂∞
n=1R(Φn, f)) = 1. Then, for any
Φ = (φk)k∈N ∈ C0(f,X) and ε > 0, we can choose a l ∈ N such that
‖Φ− Φl‖ ≤ ε.
Then, for any x ∈ R(f) :=
⋂∞
n=1R(Φn, f),
lim sup
n→∞
φn(x)
n
≥ lim
n→∞
φln(x)
n
− ε
lim inf
n→∞
φn(x)
n
≤ lim
n→∞
φln(x)
n
+ ε
then, lim supn→∞
φn(x)
n = lim infn→∞
φn(x)
n . Therefore, I(f) = X\R(f) is a mensurable set.
Various authors have studied the irregular set and proved, in many cases, this has full entropy and topological
pressure. Pesin and Pitskel [21], showed that it carried the full entropy in the case of the Bernoulli shift on two
symbols, Barreira and Schmeling([7]) for case of generic Ho¨lder continuous function on a conformal repeller.
See more in [17, 18], [27], [26], [6] [8] and [9], for others authors.
The studies cited above were made for irregular sets under one observable. In [25], Tian proposes a study
for irregular sets under a collection of observable functions. We make a contribution to the study of irregular
sets under a collection finite or infinite of asymptotically additive potentials. More precisely, let Cˆ0(f,X) :=
{Φ ∈ C0(f,X) : I(Φ, f) 6= ∅}. We prove that the set I(Φ, f) carries full additive asymptotically topological
pressure. In fact, we consider the additive asymptotically topological pressure Pf (
⋂
Ψ∈D I(Ψ, f),Φ), where D
is an subset of Cˆ0(f,X)(and even uncountable), see Theorem B below.
Let Z ⊂ X f -invariant Borel set(i.e., f−1(Z) = Z), denote by E(Z, f) = {µ ∈ Mef (X) : µ(Z) = 1} and
Mxf the space of limit measures of the sequence of measures, in weak∗ topology,
En(x) :=
1
n
n−1∑
j=0
δfj(x).
In [21], Theorem A2.1, Pesin and Pitskel proved that for a f -invariant Borel set Z ⊂ X , if we consider the
Borel f -invariant set Z = {x ∈ Z : E(Z, f) ∩Mxf 6= ∅}, we have for any continuous function ϕ ∈ C(X)
Pf (Z, ϕ) = sup{hµ(f) +
∫
Z
ϕdµ : µ ∈ E(Z, f)}.
Definition 1.1. A TDS f : X → X is sequentially saturated, if for any Φ ∈ C0(f,X) and any compact
connected nonempty set K ⊆Mf (X) we have
Pf (GK ,Φ) = inf{hµ(f) + Φ
∗(µ) : µ ∈ K},
where GK = {x ∈ X :Mxf = K}.
We proved that
Theorem B. Let (X, f) be a dynamical system sequentially saturated and assume that Cˆ0(f,X) 6= ∅. Then,
for any subset D ⊆ Cˆ0(f,X) and for each Φ ∈ C0(f,X) we have
Pf (
⋂
Ψ∈D
I(Ψ, f),Φ) = Pf (Φ).
2
A subset D ⊂ X is saturated if x ∈ D and the sequences En(x) and En(y) have the same limit-point set, then
y ∈ D. Of particular interest are the generic points of µ, i.e. points that satisfy limn→∞
1
n
∑n−1
j=0 ϕ(f
j(x)) =∫
ϕdµ. We denote the saturated set of generic points of µ by Gµ. In [10] Bowen proved that if µ is ergodic,
then
hf (Gµ) = hµ(f). (1.2)
We know that if µ ∈ Mf(X), then µ is ergodic if and only if µ(Gµ) = 1. For non-ergodic measures, the
Equation (1.2) cannot hold. It is not difficult give examples such that Gµ = ∅ and hµ(f) > 0.
In [22] Pfister and Sullivan treat of the case of non-ergodic measures, introducing two conditions on the
dynamics: the g-almost product property and the uniform separation property. They proved that
Theorem 1.1. [22] If the g-almost product property and the uniform separation property hold, then for any
compact connected non-empty set K ⊂Mf (X)
inf{hµ(f) : µ ∈ K} = hf (GK).
In [20], Pei and Chen generalized Theorem 1.1 for the case of the topological pressure.
Theorem 1.2. [20] If the g-almost product property and the uniform separation property hold, then for any
compact connected non-empty set K ⊂Mf (X)
inf{hµ(f) +
∫
ϕdµ : µ ∈ K} = Pf (ϕ,GK).
We prove a variational principle for the asymptotically additive topological pressure on certain non-compact
sets. We prove that
Theorem A. If f satisfies the g-almost product property and the uniform separation property, then f : X → X
is sequentially saturated.
Remark 1.1. The proof of Theorem A is given in the subsection 3.1 following the lines of [22]. We note here
that the proof of Theorem A can also be given in a simpler way. We give the details below:
As Φ = {φn}n ∈ C0(f,X) is a limit of additive sequences, for every each k ∈ N, there exist ψk such that
lim sup
n→∞
1
n
‖φn − Snψk‖ <
1
k
.
By Definition 2.5 of asymptotically additive topological pressure and the definition of topological pressure for
continuous maps, it’s not hard to see that for Z ⊂ X we have
‖P (Z,Φ)− P (Z,ψk)‖ <
1
k
⇒ P (Z,Φ) = lim
k→∞
P (Z,ψk)
and that for each µ ∈ Mf(X)
| lim
n→∞
∫
φn
n
dµ−
∫
ψkdµ| <
1
k
⇒ Φ∗(µ) = lim
k→∞
∫
ψkdµ
By Theorem 1.2, for each k
P (GK , ψk) = inf{hµ(f) +
∫
ψkdµ : µ ∈ K}
then
P (GK ,Φ) = inf{hµ(f) + Φ
∗(µ) : µ ∈ K}
In the Section 4 we will give some applications and examples of the main results on Cocycles under shift of
finite type, Nonconformal repeller and others.
2. Preliminaries
In this section, we remember some concepts and we given some notations for the proof of the Theorem A
and Theorem B.
For a, b ∈ N, a ≤ b, we denote [a, b] := {c ∈ N : a ≤ c ≤ b} and Λn := [0, n− 1]. The cardinality of a set Λ is
denoted by |Λ| or #Λ .
We set 〈φ, µ〉 :=
∫
φdµ. We define a metric on M(X) by
3
d(µ, ν) = ‖µ− ν‖ :=
∑
k≥1
2−k|〈ψk, µ− ν〉|.
where {ψk}k∈N is a countable and dense set of continuous functions on these taking values on [0, 1]. We use
the metric on X given by d(x, y) := d(δx, δy).
We recall the definition of g-almost product property introduced in [22].
Definition 2.1. Let g : N→ R be a given nondecreasing unbounded map with the properties
g(n) < n and lim
n→∞
g(n)
n
= 0.
The function g is called blowup function. Let x ∈ X and ε > 0. The g-blowup of Bn(x, ε) is the closed set
Bn(g;x, ε) :=
{
y ∈ X : ∃Λ ⊂ Λn, |Λn\Λ| ≤ g(n) and max{d(f
j(x), f j(y)) : j ∈ Λ ≤ ε
}
.
Definition 2.2. A TDS f has the g-almost product property with blowup function g, if there exists a nonin-
creasing function m : R+ → N, such that for any k ∈ N, any x1 ∈ X, ..., xk ∈ X, any positive ε1, ..., εk, and
any integers n1 ≥ m(ε1), ..., nk ≥ m(εk), the intersection
k⋂
j=1
f−Mj−1Bnj (g;xj , εj) 6= ∅
where M0 = 0,Mi = n1 + ...+ ni, i = 1, ..., k − 1.
For δ > 0 and ε > 0, two points x and y are (δ, n, ε)-separated if
#{j : d(f j(x), f j(y)) > ε, 0 ≤ j ≤ n− 1} ≥ δn.
Remark 2.1. Note that g-almost product property is weaker than Bowen’s specification property because it
requires only partial shadowing of the specified orbit segments. All β-shifts satisfy the g-almost product property,
see [22].
A subset E is (δ, n, ε)-separated if any pair of different points of E are (δ, n, ε)-separated. Let F ⊆ M(X)
be a neighborhood of ν ∈ Mf (X), we set Xn,F = {x ∈ X : En(x) ∈ F}.
Proposition 2.1. [23] Let ν ∈ Mf(X) be ergodic and h
∗ < hν(f). Then there exist δ
∗ > 0 and ε∗ > 0 so that
for each neighborhood F of ν in M(X), there exists n∗F,ν ∈ N such that for any n ≥ n
∗
F,ν ∈ N, there exists a
(δ∗, n, ε∗)-separated set Γn, such that
Γn ⊂ Xn,F and |Γn| ≥ e
nh∗ .
Let N(F, δ, n, ε) be the maximal cardinality of an (δ, n, ε)-separated set of Xn,F and N(F, n, ε) the maximal
cardinality of an (n, ε)-separated set of Xn,F .
Definition 2.3. A TDS f has uniform separation property if the following holds. For any η > 0, there exists
δ∗ > 0 and ε∗ > 0 so that for µ ergodic and any neighborhood F ⊂Mf (X) of µ, there exists n∗F,µ,η such that,
for n ≥ n∗F,µ,η, we have
N(F, δ∗, n, ε∗) ≥ 2n(hµ(f)−η).
The previous definition says that the conclusion of Proposition 2.1 holds uniformly(i.e. δ∗, ε∗ does not
depend of the measure ν) for a TDS with the uniform separation time.
Remark 2.2. It is easy to see that uniform separation implies that htop(f) is finite.
Remark 2.3. In [22], the authors proved that expansive and asymptotically h-expansive maps have the uniform
separation property.
We define
s(ν, ε) = inf
ν∈F
lim inf
n→∞
1
n
logN(F, n, ε) and s(ν, ε) = inf
ν∈F
lim sup
n→∞
1
n
logN(F, n, ε)
where the infimum is take over any base of neighborhood of ν. Let s(µ) = limε→0 s(ν, ε) and s(µ) =
limε→0 s(ν, ε).
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Proposition 2.2 ([22]). If µ ∈Mf (X), then s(µ) ≤ hµ(f).
Definition 2.4. The ergodic measures are entropy-dense if for any ν ∈ Mf (X), each neighborhood F of ν,
and h∗ < hν(f), there exists ergodic measure ρ ∈ F such that h∗ < hρ(f).
Proposition 2.3 ([22]). Assume that f has the uniform separation property and the ergodic measures are
entropy-dense. For any η > 0, there exist δ∗ > 0 and ε∗ > 0 so that for µ ∈ Mf(X) and any neighborhood
F ⊂Mf(X) of µ, there exists η∗F,µ,η such that
N(F ; δ∗, n, ε∗) ≥ en(hµ(f)−η) if n ≥ η∗F,µ,η.
Proposition 2.4 ([22]). If the uniform separation property is true and the ergodic measures are entropy-dense,
then s(µ) := s(µ) = s(µ) is well-defined and s(µ) = hµ(f) for all µ ∈ Mf(X).
In [29], the authors gives a definition of asymptotically additive topological pressure for an set Z ⊆ X as
in [2] and [19], motivated by work of [27] and [30]. Fix ε > 0. Let Z ⊂ X , Γ = {Bn(x, ε)}n a cover of Z and
Φ = (φn)n an asymptotically additive sequence. For α ∈ R we define the following quantities:
Q(Z, α,Γ,Φ) :=
∑
Bn(x,ε)∈Γ
e−αn+supx∈Bn(x,ε) φn(x) and
M(Z, α, ε,N,Φ) = inf
Γ
Q(Z, α,Γ,Φ).
where the infimum is taken over all covers finite or countable of the form Γ = {Bn(x, ε)}n of Z with n(Γ) :=
minn{n} ≥ N . We define
m(Z, α, ε,Φ) = lim
N→∞
M(Z, α, ε,N,Φ).
As the function M(Z, α, ε,N,Φ) is non-decreasing on N , then the limit always exist. We can show that
Pf (Z,Φ, ε) := inf{α : m(Z, α, ε,Φ) = 0} = sup{α : m(Z, α, ε,Φ) =∞}.
Definition 2.5. The topological pressure of Φ on Z is given by
Pf (Z,Φ) = lim
ε→0
Pf (Z,Φ, ε).
A sequence Φ is an almost-additive sequence if
φn(x) + φm(f
n(x)) − CΦ ≤ φn+m(x) ≤ φn(x) + φm(f
n(x)) + CΦ,
for all x ∈ X , n,m ∈ N and some constant CΦ.
Remark 2.4. Feng and Huang proved, in [15], that an almost-additive sequence is indeed asymptotically
additive. Then, by Proposition 4.7 in [11] we have variation principle for topological pressure of asymptotically
additive sequence:
Pf (Φ) := Pf (X,Φ) = sup{hµ(f) + Φ
∗(µ) : µ ∈Mf (X)}. (2.1)
Remark 2.5. A asymptotically additive sequence may not be almost-additive sequence. The next examples
illustrate this.
Example 2.1. [1] Let a C1 map f :M →M defined on C∞ m-dimensional Riemannian manifold. Let Λ ⊂M
is a compact f -invariant subset. The set Λ is called an average conformal repeller if for any f -invariant ergodic
measure µ the Lyapunov exponents of µ λi(µ), i = 1, ...,m are equal and positive. The authors show that the
limit
lim
n→∞
log
‖Dfn(x)‖
‖Dfn(x)−1‖−1
= 0
converges uniformly on the average conformal repeller Λ. It is not hard to check hat the sequences Φ1 =
(log ‖Dfn(x)−1‖−1)n or Φ2 = (log ‖Dfn(x)‖)n are asymptotically additive but, these may not be almost addi-
tive.
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Example 2.2. [2] Let (X, f, d) be a TDS. Assume that f is expanding on X, in the sense that there exists
constants a ≥ b ≥ 1 and ε0 > 0 such that
B(f(x), bε) ⊂ f(B(x, ε)) ⊂ B(f(x), aε) for all x ∈ X and 0 < ε < ε0.
Then, X has a Markov partition R1, .., Rm of arbitrarily small diameters, see [2]. We define a m ×m matrix
A = (aij) with aij = 1 if Ri ∩ f−1(Rj) 6= ∅ and aij = 0 otherwise. For each ω = (i1, i2, ...) ∈ Σ
+
A, n ≥ 1 and
k ≥ 0, put
λk(ω, n) = min inf
{
d(x, y)
d(fn(x), fn(y)
: x, y ∈ Rj1...jn+k and x 6= y
}
and
λk(ω, n) = max sup
{
d(x, y)
d(fn(x), fn(y)
: x, y ∈ Rj1...jn+k and x 6= y
}
,
where Rj1...jn = {x ∈ X : f
i−1(x) ∈ Rji for i = 1, ..., n} is the cylinder of length n, and the maximum and
minimum are taken over the j1...jn+k ∈ Σ
+
A such that j1...jn = (i1...in). We say that f is asymptotically
conformal if there exists k ≥ 0 such that the limit
lim
n→∞
1
n
log
λk(ω, n)
λk(ω, n)
= 0,
converges uniformly on Σ+A. As Φ1 = (logλk(ω, n))n is sub-additive and Φ2 = (logλk(ω, n))n is a sup-additive
its easy to see that Φ1 = (log λk(ω, n))n or Φ2 = (logλk(ω, n))n are asymptotically additive, but may not are
almost additive.
3. Proofs
3.1. Proof of Theorem A. In this subsection we will prove Theorem A. We will give some results that help
us in the proof.
Proposition 3.1 (Corollary 3.1 of [22]). Assume that (X, d, T ) has the uniform separation property, and that
the ergodic measures are entropy dense. For any η > 0, there exist δ∗ > 0 and ε∗ > 0 so that for µ ∈ Mf (X)
and any neighborhood F ⊂M(X) of µ, there exists nF,µ,η such that
N(F ; δ∗, n, ε∗) ≥ en(hµ(f)−η) if n ≥ nF,µ,η.
For any µ ∈Mf (X),
hµ(f) ≤ lim
ε→0
lim
δ→0
inf
µ∈F
lim inf
n→∞
1
n
logN(F ; δ, n, ε).
We define KG := {x ∈ X ; {En(x)}n has a limit-point on K}.
Theorem 3.1. Let (X, d, f) be a TDS and K ⊂Mf (X) be compact subset. Then,
Pf (
KG,Φ) ≤ sup{hµ(f) + Φ
∗(µ) : µ ∈ K}.
Consequently, Pf (GK ,Φ) ≤ inf{hµ(f) + Φ∗(µ) : µ ∈ K}.
Proof. Let K ⊂ Mf(X) be compact subset and µ ∈ Mf (X). Put s := sup{hθ(f) + Φ
∗(θ), θ ∈ K}. Assume,
without loss of generality, that s <∞. Let s′ = s+ 2δ, with δ > 0.
For a neighborhood F of µ, denoted by Fµ, the function N(Fµ, n, ·) be non increasing, by Proposition 2.2
we have
inf
Fµ
lim sup
1
n
logN(Fµ, n, ε) ≤ hµ(f) for all ε > 0.
Then, for ε > 0, there exist a neighborhood B(µ, ζε) ⊆ Fµ of µ and a number M(B(µ, ζε), ε) such that
1
n
logN(B(µ, ζε), n, ε) ≤ hµ(f) + δ,
for each n ≥M(B(µ, ζε), ε).
Let E be a maximal (n, ζε)-separated of Xn,B(µ,ζε)(which also is a (n, ζε)-spanning of Xn,B(µ,ζε)) with
cardinality N(B(µ, ζε), n, ε). Then,
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M(Xn,B(µ,ζε), s
′,Φ, n, ε) ≤
∑
Bn(x,ε)∈Γ
e−s
′n+supy∈Bn(x,ε) φn(y),
where Γ := ∪x∈EBn(x, ε/3) ⊇ Xn,B(µ,ζε).
For x ∈ E ⊆ Xn,B(µ,ζε) and since Φ is asymptotically additive, for ζε > 0 there exists ϕζε := ϕζ ∈ C
0(X)
and n0 such that for all n > n0, we have
|
1
n
φn(x)− Φ
∗(µ)| ≤ |
1
n
φn(x) −
1
n
Snϕζ(x)| + |
1
n
Snϕζ(x)−
∫
ϕζdµ|
+ |
∫
ϕζdµ− Φ
∗(µ)| = |
1
n
φn(x)−
1
n
Snϕζ(x)|
+ |
∫
ϕζ(x) −
∫
ϕζdµ|+ |
∫
ϕζdµ− Φ
∗(µ)| ≤ 3ζε
and supy∈Bn(x,ε) φn(y) ≤ n(2ζε + |ϕζ |ε) + φn(x), where |ϕζ |ε := sup{|ϕζ(x)− ϕζ(y)| : d(x, y) < ε}. Then,
M(Xn,B(µ,ζε), s
′,Φ, n, ε) ≤
∑
Bn(x,ε)∈Γ
en(−s
′+Φ∗(µ)+|ϕζ |ε+5ζε)
≤ N(B(µ, ζε), n, ε)e
n(−s′+Φ∗(µ)+|ϕζ |ε+5ζε)
≤ en(−δ+|ϕζ|ε+5ζε).
For a fixed δ, there exists ε0 such that −δ + |ϕζ |ε + 5ζε < 0, when ε < ε0.
As K is compact set, given a fixed ε > 0, we can choose a finite open cover {B(µj , ζε)}j , with j = 1, ...,mε of
K. For sufficiently large M > 0,
⋃
n≥M
⋃mε
j=1Xn,B(µj,ζε) is a cover of
KG. Then, for M ≥ maxjM(B(µj), ε),
we have
M(KG, s′,Φ, n, ε) ≤
∑
n≥M
mε∑
j=1
en(−δ+|ϕζ |ε+5ζε) ≤ mε
∑
n≥M
en(−δ+|ϕζ|ε+5ζε).
When M →∞, we have mε
⋃
n≥M e
n(−δ+|ϕζ|ε+5ζε)) → 0. Thus, P (KG,Φ, ε) ≤ s for all ε < ε0. Therefore,
Pf (
KG,Φ) = lim
ε→0
Pf (
KG,Φ, ε) ≤ sup
µ∈K
{hf (µ) + Φ
∗(µ)}.
For other part, note that GK ⊂{µ} G for all µ ∈ K. Then,
Pf (GK ,Φ) ≤ Pf (
{µ}G,Φ) ≤ hµ(f) + Φ
∗(µ) for all µ ∈ K
and Pf (GK ,Φ) ≤ inf{hµ(f) + Φ∗(µ) : µ ∈ K}. 
A ball in M(X) is denoted by
B(ν, ξ); = {α ∈ M(X) : d(α, ν) < ξ}
Proposition 3.2 (Lemma 2.1, [22]). Assume that (X, d, f) has a g-almost product property. Let x1, ..., xk ∈ X,
ε1 > 0, ..., εk > 0 and n1 ≥ m(ε1),...,nk ≥ m(εk) be given. Assume that
Enj (xj) ∈ B(νj , ξj), for j = 1, ..., k.
Then for any y ∈ ∩kj=1f
−Mj−1Bnj (g;xj , εj) and any Borel probability measure α on X we have that
d(EMk(y), α) ≤
k∑
j=1
nj
Mk
(ξ′j + d(νj , α)),
where Mi = n1 + ...+ ni and ξ
′
i = ξi + εi +
g(ni)
ni
, i = 1, ..., k.
Lemma 3.1 ([24]). Let K ⊂ Mf (X) be a compact connected non-empty set. Then there exists a sequence
{α1, ..., αk, ...} ⊂ K such that for each n ∈ N
{αj : j ∈ N, j > n} = K and lim
j→∞
d(αj , αj+1) = 0.
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Theorem 3.2. Let (X, d, f) be a TDS with the g-almost product property and uniform separation. Let K be a
connected non-empty compact subset of Mf (X). Then
Pf (GK ,Φ) ≥ inf{hµ(f) + Φ
∗(µ) : µ ∈ K}.
The proof follow the line in [22] and [20] with some changes. We shall repeat here part of the arguments.
Let η > 0, and h∗ := inf{hµ(f) + Φ∗(µ) : µ ∈ K} − η. For s < h∗, we put h∗ − s = 2δ. By Proposition 3.1,
we can find δ∗ > 0 and ε∗ > 0 such that for each neighborhood F of µ there exists n∗F,µ,η with
N(F ; δ∗, n, ε∗) ≥ en(hµ(f)−η) for all n ≥ n∗F,µ,η. (3.1)
Take (εk)k and (ξk)k two decreasing sequences converging for zero such that ε < ε
∗ and |
∫
ϕδdµ−
∫
ϕδdαk| <
δ
18 ,
for all µ ∈ B(αk, ξk + 2εk) where ϕδ is a continuous functions such that lim supn→∞
1
n‖φn − Snϕδ‖ <
δ
18 . By
Equation (3.1), there exists nk and a (δ
∗, nk, ε
∗)-separated sets Γk ⊂ Xnk,B(αk,ξk) with cardinality |Γk| ≥
enk(nk(hα(f)−η)). We can assume that the sequence nk satisfies
δ∗nk > 2g(nk) + 1 and
g(nk)
nk
≤ εk. (3.2)
By Proposition 3.2 and Equation (3.2) we have that if x ∈ Γk, y ∈ Bnk(g;x, εk), then
Enk(y) ∈ B(αk, ξk + 2εk). (3.3)
We choose a strictly increasing sequence of positive integers numbers (Nk)k satisfying
nk+1 ≤ ξk
k∑
j=1
njNj and
k−1∑
j=1
njNj ≤ ξk
k∑
j=1
njNj ,
and we define the sequences (n′j), (α
′
j), (ε
′
j) and (Γ
′
j) by setting for j = N1 + ...+Nk−1 + q, with 1 ≤ q ≤ Nk,
n′j := nk, ε
′
j := εk, ξj′ := ξk and Γ
′
j := Γk.
Let
Gk :=
k⋂
j=1

 ⋃
xj.∈Γ′j
f−Mj−1Bn′
j
(g;xj , ε
′
j)

 with Mj := j∑
l=1
n′l.
Note that Gk is a non-empty closed set. Each element of G can be indicated by (x1, ..., xk), where xj ∈ Γ
′
j .
The proof of Theorem 3.2 follow the Lemmas 3.2 and 3.3 below.
Lemma 3.2 ([22]). Let ε > 0 be such that 4ε = ε∗ and G :=
⋂
k≥1Gk.
(1) Let xj , yj ∈ Γ′j with xj 6= yj. If x ∈ Bn′j (g;xj , ε
′
j) and y ∈ Bn′j (g; yj , ε
′
j), then
max{d(fm(x), fm(y) : 0 ≤ m ≤ nj − 1} > 2ε.
(2) G is a closed set, which is the union of non-empty sets G(x1, x2, ...) where xj ∈ Γ′j.
(3) G ⊂ GK .
Lemma 3.3. Pf (G,Φ) ≥ h∗.
Proof. We have MnMn+1 → 1. Let Γk be a (δ
∗, nk, ε
∗)-separated set of Xnk,B(αk,ξk) such that |Γk| ≥ e
nk(hαk (f)−η).
We prove that M(G, s,Φ, n, ε) ≥ 1. Note that for each kx ∈ Γk we have Enk(
kx) ∈ B(αk, ξk). Then, for nk
sufficiently large ∣∣∣∣φnk(kx)nk − Φ∗(µ)
∣∣∣∣ ≤
∣∣∣∣φnk(kx)nk −
Snkϕδ(
kx)
nk
∣∣∣∣+
∣∣∣∣Snkϕδ(kx)nk −
∫
ϕδdαk
∣∣∣∣
+
∣∣∣∣
∫
ϕδdαk − Φ
∗(µ)
∣∣∣∣ ≤ δ18 + δ18 + δ18 = δ6 .
Then,
|Γk| ≥ e
nk(hαk (f)+Φ
∗(µ)−η)−φnk(
kx)−nkδ/6 ≥ enkh
∗−φnk (
kx)−nkδ/6.
As G is compact set, we can choose finite covers C = {Bm(x, ε)}m of G such that Bm(x, ε) ∩ G 6= ∅ for all
Bm(x, ε) ∈ C. For each C ∈ Gn(G, ε), where Gn(G, ε) is the collection of all finite or countable covers of G by
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sets of the form Bm(x, ε) with m ≥ n(for n sufficiently large), we define the cover C′ where we replace each
ball Bm(x, ε) by BMp(x, ε) when Mp ≤ m < Mp+1. Then
M(G, s,Φ, n, ε) = inf
C∈Gn(G,ε)
∑
Bm(x,ε)∈C
e−sm+supz∈Bm(x,ε) φm(z)
≥ inf
C∈Gn(G,ε)
∑
z∈BMp (x,ε)∩G
e−sm+φm(z).
Consider C′ and let m be the largest such that there exist BMp(x, ε) ∈ C
′. We put
Wk =
k∏
i=1
Γ′i and Wm :=
m⋃
k=1
Wk.
Each z ∈ BMp(x, ε)∩G corresponds to a point inWp that is uniquely defined(Lemma 3.2(i)). The word v ∈ Wj
is a prefix of w ∈ Wk if the first j entries of w coincide with v. If W ⊂ Wm contains a prefix of each word of
Wm, then
m∑
k=1
|W ∩Wk||Wk|/|Wk| ≥ |Wk|.
Thus if W contains a prefix of each word of Wm,
m∑
k=1
|W ∩Wk||Wk| ≥ 1.
It is easy to verify that
|Wp| ≥ e
Mph
∗−
∑p
i=1(φni (
ix)+n′iδ).
Therefore,
∑
BMp (x,ε)∈C
′ e
−Mph
∗+
∑p
i=1(φni (
ix)+n′iδ) ≥ 1 where ix ∈ Γ′i. We prove that
Mph
∗ −
p∑
i=1
(φni(
i′x) + n′iδ/6)− sm+ φm(z) > 0, for z ∈ G.
By definition of asymptotically additive we have, for δ > 0, that there exist ϕδ and n0 such that for all
m,n′i > n0 with i = 1, ..., p, we have
−φn′i(
ix) + Sn′iϕδ(
ix) > −n′i
δ
18
> −n′i
δ
6
and φm(z)− Smϕδ(z) > −m
δ
6
.
Then
m(h∗ − s)−
p∑
i=1
(φni (
ix) + n′iδ/6) + φm(z)− (m−Mp)h
∗
> m(h∗ − s−
δ
6
)−
p∑
i=1
(
Sn′iϕδ(
ix) + n′i
δ
3
)
+ Smϕδ(
ix)− (m−Mp)h
∗
= m(2δ −
δ
6
)−Mp
δ
3
+
p∑
i=1
(
Sn′
i
ϕδ(f
Mi−1(z))− Sn′
i
ϕδ(
ix)
)
− (m−Mp)h
∗
+ Sm−Mpϕδ(f
Mp(z)).
And as
G =
⋂
k≥1

 k⋂
j=1

 ⋃
xj∈Γ′j
f−Mj−1Bn′j (g;xj , ε
′
j)



 ,
we have that there exists j such that fMj−1(z) ∈ Bn′
j
(g;xj , ε
′
j). By Inclusion (3.3) and
ix ∈ Γ′i we have
En′i(f
Mi−1(z)) ∈ B(α, ξ′i + 2ε
′
i) and En′i(
ix) ∈ B(α, ξ′i).
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then ∣∣∣∣
∫
ϕδdEn′i(f
Mi−1(z))−
∫
ϕδdEn′i(
ix)
∣∣∣∣ n′i = ∣∣Sn′i ϕδ(fMi−1(z))− Sn′i ϕδ(ix)∣∣ ≤ n′i δ2 .
Thus,
Mph
∗ −
p∑
i=1
(φni(
ix) + n′iδ/6)− sm+ φm(z) ≥ m(2δ −
δ
6
)−Mp(
δ
2
+
δ
3
)
− n′p+1(‖gk‖+ h
∗)
≥ (2δ −
δ
6
−
5δ
6
)Mp − n
′
p+1(‖gk‖+ h
∗)
= Mpδ − n
′
p+1(‖gk‖+ h
∗).
we can choose p such that Mpδ − n′p+1(‖gk‖+ h
∗) > 0, because limp→∞
n′p+1
Mp
= 0. Then,
M(G; s,Φ, n, ε) ≥ inf
C∈Gn(G,ε)
∑
BMp (x,ε)∈C
′
eMph
∗−
∑p
i=1(φni (
ix)+n′iδ/6) ≥ 1
this implies that P (G,Φ, ε) ≥ s. By fact that s < h∗ and the arbitrary choice of η the Lemma 3.3 it’s proved.
As G ⊂ GK then Pf (G,Φ) ≤ Pf (GK ,Φ). Therefore, we have proved Theorem 3.2.

3.2. Proof of Theorem B. In this subsection, we proved Theorem B. We will use the following Lemma:
Lemma 3.4. Let (X, f) be a dynamical systems, Φ := (φn)n ∈ C0(f,X) and x ∈ X. Then
Φ ∈ Cˆ0(f,X), x ∈ I(Φ, f) iff inf
µ∈Mxf
Φ∗(µ) < sup
µ∈Mxf
Φ∗(µ).
Proof. Assume that Φ ∈ Cˆ0(f,X) and x ∈ I(Φ, f). Then, φn(x)n not converge pointwise for a constant, in
particular, there exist a sequence ni converging for +∞ and ε0 > 0 such that∣∣∣∣ 1niφni(x) − Φ∗(µ1)
∣∣∣∣ > ε0
where µ1 ∈ Mx(f);
Take a subsequence(if necessary) of the sequence
νi :=
(
1
ni
ni−1∑
i=0
δfj(x)
)
i
such that νi → µ2 in weak∗ topology. Obviously µ2 ∈Mxf . As Φ is asymptotically additive, for each k, there
exists ψ1/k := ψk ∈ C
0(X) such that lim supn→∞
1
n‖φn − Snψk‖ <
1
k .
Therefore, for i sufficiently large
Sniψk(x)
ni
−
1
k
≤
φni(x)
ni
≤
Sniψk(x)
ni
+
1
k
.
Then, we have
lim
i→∞
∫
ψkdνi −
1
k
≤ lim inf
i→∞
φni(x)
ni
≤ lim sup
i→∞
φni(x)
ni
≤ lim
i→∞
∫
ψkdνi +
1
k
.
And as νi → µ2 we have
∫
ψkdµ2 −
1
k
≤ lim inf
i→∞
φni(x)
ni
≤ lim sup
i→∞
φni(x)
ni
≤
∫
ψkdµ2 +
1
k
. (3.4)
In the Equation (3.4), we have∫
ψkdµ2 −
1
k
≤ lim sup
i→∞
∫
φni(x)
ni
dµ2 = Φ
∗(µ2) ≤
∫
ψkdµ2 +
1
k
.
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Therefore, as k is arbitrary, we have lim supi→∞
φni(x)
ni
= Φ∗(µ2) 6= Φ∗(µ1).
Conversely, if for Φ ∈ C0(f,X) and x ∈ X we have
inf
µ∈Mxf
Φ∗(µ) < sup
µ∈Mxf
Φ∗(µ),
Then we can make two measures µ1 and µ2 in Mx(f) such that Φ∗(µ1) < Φ∗(µ2) and two convergence
subsequences
1
ni
ni−1∑
i=0
δfj(x) → µ1 and
1
mi
mi−1∑
i=0
δfj(x) → µ2.
Then, as Φ is asymptotically additive, for each k, there exists ϕ1/k := ϕk ∈ C
0(X) such that, for all x ∈ X and
large n we have
∣∣ 1
nφn(x)−
1
nSnϕk(x)
∣∣ < 1k < ε. Moreover, we can obtain that ∣∣∫ ϕkdµ1 − Φ∗(µ1)∣∣ < 1k < ε.
Then, for i sufficiently large
∣∣∣∣ 1niφni − Φ∗(µ1)
∣∣∣∣ ≤
∣∣∣∣ 1niφni(x)−
1
ni
Sniϕk(x)
∣∣∣∣ +
∣∣∣∣ 1niSniϕk(x) −
∫
ϕkdµ1
∣∣∣∣
+
∣∣∣∣
∫
ϕkdµ1 − Φ
∗(µ1)
∣∣∣∣ < 3ε.
Then, limi→∞
1
ni
φni(x) = Φ
∗(µ1). Analogously, limi→∞
1
mi
φmi(x) = Φ
∗(µ2). Therefore, x ∈ I(Φ, f) and
Φ ∈ Cˆ0(f,X).

Proof of the Theorem B
Proof. We fix ε > 0 and Φ ∈ Cˆ0(f,X). By Variational Principle 2.1, we choose a ergodic measure µ such that
hµ(f) + Φ
∗(µ) > Pf (Φ)− ε. Choose θ ∈ (0, 1) close to 1 satisfying
θ(hµ(f) + Φ
∗(µ)) > Pf (Φ)− ε,
and (1 − θ)‖Φ‖ < ε, where ‖Φ‖ is a positive constant such that ‖Φ‖ ≥ Φ∗(µ) for all µ ∈ MfX , see item 2,
Proposition A1 of [15]. For Υ ∈ D, by Lemma 3.4, there is an invariant measure µΥ such that Υ∗(µΥ) 6= Υ∗(µ).
Take the measure νΥ = θµ+ (1− θ)µΥ. Then
hνΥ(f) + Φ
∗(νΥ) = θhµ(f) + (1 − θ)hµΥ(f) + θΦ
∗(µ) + (1 − θ)Φ∗(µΥ)
≥ θ(hµ(f) + Φ
∗(µ))− (1− θ)‖Φ‖ > Pf (Φ)− 2ε.
Remember that Φ∗(µ) = lim
n→∞
∫
φn(x)
n
µ(x). Then, by product topology, two asymptotically additive sequence
Ψ := (ψn)n and Υ := (υn)n are close if the sequences of continuous functions
ψn
n
and
υn
n
are close for each
n. Therefore, by continuity of sequences, for each Υ ∈ D there exist an neighborhood VΥ ⊆ C0(f,X) of Υ
such that for each Ψ ∈ VΥ we have Ψ∗(µ) 6= Ψ∗(νΥ). So {VΥ : Υ ∈ D} forms an cover of D. We can take
a countable subcover {VΥi}i∈N of D because C
0(X) has countable topological basis and then the product
topological C0(f,X) also has(second axiom of countability). Then, for each Ψ ∈ D, there is i ≥ 1 such that
Ψ ∈ VΥi and satisfying
Ψ∗(µ) 6= Ψ∗(νΥi).
Put νi := νΥi and define the sequence of measures ηi := θiµ+ (1− θi)νi, where (θi)i ⊂ (0, 1) is a increasing
sequence converging the 1 such that θ1 ≥ θ. Then, for each Ψ ∈ D, there is i ≥ 1 such that Ψ∗(µ) 6= Ψ∗(ηi).
Note that
hηi(f) + Φ
∗(ηi) ≥ θi(hµ(f) + Φ
∗(µ)) + (1− θi)hνi(f)− (1 − θi)‖Φ‖
≥ min {θ(hµ(f) + Φ
∗(µ)), hµ(f) + Φ
∗(µ)} − (1− θ)‖Φ‖
> Pf (Φ)− 2ε.
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Define the set K := {µ}∪
⋃∞
i=1{tηi + (1− t)ηi+1, t ∈ [0, 1]}. By fact that ηi converge for µ ∈ K this implies
that K is compact and connected set and that every ν ∈ K satisfies hν(f) + Φ∗(ν) > Pf (Φ) − 2ε. Since f is
sequential saturated, then
Pf (GK ,Φ) = inf{hν(f) + Φ
∗(ν) : ν ∈ K} ≥ Pf (Φ)− 2ε.
For finishing the proof of Theorem, we show that GK ⊆
⋂
Ψ∈D I(Ψ, f). Let x ∈ GK and Ψ ∈ D. Then
Ψ∗(µ) 6= Ψ∗(ηi) for some i ≥ 1. We have thatMxf = K ⊇ {µ, ηi}. Then, there two sequences (nj)j and (mj)j
such that 1nj
∑nj−1
l=0 δf l(x) = µ and
1
mj
∑mj−1
l=0 δf l(x) = ηi. And as Ψ is asymptotically additive, we have
∣∣∣∣ 1niψni(x)−Ψ∗(µ)
∣∣∣∣ ≤
∣∣∣∣ 1niψni(x) −
1
ni
Sniϕk(x)
∣∣∣∣+
∣∣∣∣ 1niSniϕk(x)−
∫
ϕkdµ1
∣∣∣∣
+
∣∣∣∣
∫
ϕkdµ1 −Ψ
∗(µ)
∣∣∣∣ < 3ε.
Therefore limi→∞
1
ni
ψni(x) = Ψ
∗(µ1). Analogously, limi→∞
1
mi
ψni(x) = Ψ
∗(ηi). Then, x ∈ I(Ψ, f). As
x ∈ GK and Ψ ∈ D are arbitrary, the Theorem it’s proved.

4. Applications and examples
In this section, we given some examples and applications of our results.
Example 4.1. Our result apply to the asymptotically additive sequences of the examples 2.1 and 2.2.
4.1. Cocycles under shift of the finite type. We will consider cocycles under shift of the finite type in
[16]. For more details, see [4].
Example 4.2. Let σ : Σ → Σ be the shift map on the space Σ = {1, ...,m}N, m ≥ 2 doted with the metric
d(x, y) = 2−min{j≥1;xj 6=yj} where x = (x1x2...) and y = (y1y2...).
Consider matrices M1, ...,Mm ∈ Md×d(C) such that for each n ≥ 1 there exists i1, ..., in ∈ {1, ...,m}n such
that Mi1 · ... ·Min 6= 0. Then, the topological pressure function is well defined with
P (t) = lim
n→∞
1
n
log
∑
w∈{1,...,m}n
‖Mi1 · ... ·Min‖
t,
where w = (i1, ..., in).
We define a class of functions that are obtained via a product of matrices. For each t ≥ 0, n ∈ N and
w = (i1, ..., in) ∈ {1, ...,m}n, we consider the locally constant functions ψtw : Σ→ R
+
ψtw(x) = ‖Mi1 · ... ·Min‖
t.
We define a sequence of functions Φt = (φtn : Σ→ R)n of the following form
φtn(x) = sup
w′∈C(x)
logψtw′(x) = sup
w′∈C(x)
log ‖Mi1 · ... ·Min‖
t,
where w′ = (i1, ..., in) and C(x) is the set of blocks of n elements that are equal to the first elements of x.
In [13], it show that there exists C > 0 and k ∈ N such that w,w′ ∈
⋃
n∈N{1, ...,m}
n there exists w ∈∑k
j=1{1, ...,m}
k for which
‖MwMwMw′‖ ≥ C‖Mw‖ · ‖Mw′‖. (4.1)
The property in (4.1) ensures that the sequence Φt is almost additive(see [13],[4]), then is asymptotically additive.
Then, by Theorem B, we have
Pσ

⋂
s≥0
I(Φs),Φt

 = Pσ(Φt)
for each t ≥ 0.
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4.2. Nonconformal repellers. We describe a class of nonconformal repellers considered by Barreira and
Gelfert in [5]. For more details, see also [4].
Let f : R2 → R2 be a C1 map and let Λ ⊂ R2 a compact f -invariant set. We say that f is expanding map
on Λ and that Λ is a repeller of f if there exist constant C > 0 and β > 1 such that
‖Dfn(x)v ≥ Cβn‖v‖
for each x ∈ Λ, n ∈ N and v ∈ TxM . We assume that there a open set U ⊃ Λ such that Λ =
⋂
n∈N f
n(U) and
that f is topologically mixing on Λ.
Given a number γ < 12 and a subspace 1-dimensional E(x) ⊂ R
2, we considered the cone
Cγ(x) := {(u, v) ∈ E(x) ⊕ E(x)
⊥; ‖v‖ ≤ γ‖u‖}.
We say that differential map f : R2 → R2 satisfies the “cone condition” on a compact set Λ ⊂ R2 if there
exist γ < 1 and for each x ∈ Λ a 1-dimensional subspace E(x) ⊂ R2 varying continuously with x such that
Df(x)Cγ(x) ⊂ {0} ∪ intCγ(f(x)).
Let Φi be the almost additive sequence obtained as follows: Let the singular values of a 2× 2 matrix A, and
σ1(A) = ‖A‖ and σ2(A) = ‖A
−1‖−1.
Given a C1 map f : R2 → R2. The sequences of functions Φi = (φi,n)n, i = 1, 2, is given by
φi,n(x) = log σi(Df
n(x)).
Proposition 4.1 ([5], Proposition 4). Let Λ be a repeller of a C1 map f : R2 → R2. If f satisfies a cone
condition on Λ, then Φi is almost additive sequence for i = 1, 2.
Let δ > 0 be such that for each x ∈ Λ the map f is invertible on B(x, δ). For each x ∈ Λ and n ∈ N we
define
B(x, n, δ) =
n−1⋂
l=0
f−l(B(f l(x), δ).
We say that f have bounded distortion on Λ if there exist δ > 0 such that
sup
{
‖Dfn(y)(Dfn(z))−1‖;x ∈ Λ and y, z ∈ B(x, n, δ)
}
<∞.
We will see the relationship between the sequences Φi and the Lyapunov exponents. Given a differentiable
transformation f :M →M . By Oseledet’s multiplicative ergodic theorem, for each finite f -invariant measure
µ on M there exist a µ-full set X ⊂ M such that x ∈ X , there exists numbers λ1(x), ..., λs(x) and subspaces
M = V1(x) ⊃ V2(x) ⊃ ... ⊃ Vs(x)(x) ⊃ Vs(x)+1(x) = {0} such that
lim
n→∞
1
n
log ‖Dfn(x)v‖ = λi(x),
for each v ∈ Vi(x)\Vi−1(x) and i = 1, ..., s(x). The numbers λ1(x), ..., λs(x) are the Lyapunov exponents of µ.
In particular, for f above(M = R2) and for x ∈ X we have
lim
n→∞
φi,n(x)
n
= lim
n→∞
1
n
log σi(Df
n(x)) = λi(x) for each i = 1, 2.
Barreira and Gelfert, [5], proved that if a C1 map f : R → R has bounded distortion and satisfy a cone
condition on Λ then (f,Φi) has a unique equilibrium states µi. Then, by Theorem B, ensures that
Pf (I(Φ1) ∩ I(Φ2),Φi) = Pf (Φi) = hµi(f) +
∫
Λ
λi(x)dµi(x)
= hµi(f) + lim
n→∞
1
n
∫
Λ
log σi(Df
n(x))dµi(x)
for each i = 1, 2.
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